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The One Phase Stefan Problem by Galarkin's Method. 
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The heat transfer of solid with phase change is treated. The problem is one phase problem 
that is the melted portion is immediately removed. The Galarkin's method is used for this 
purpose. And numerical calculation is done by the personal computer. 
§ I . Introduction. 
The Stefan problem; the heat conduction in solid with phase change are investigated by 
B. Boley. The model is the solid that the melted portion is immediatly removed that is to say 
one phase problem. He evaluated this by use of immaginary heat sourse and formulate the 
integra differential equation. The numerical procedure is very difficulty. Then we try to analyze 
this problem by use of Galarkin's method. The initial temperature distribution is parabolic. The 
numerical calculation is done by the personal computer of MULTI 16 type. 
§ 2. Basic Equation of Stefan Problem of One Phase. 
As an example the problem of a melting slab may be considered. Take a slab of thickness 
L, occupying the region 0 < x< L, insulated at x = L, exposed to a prescribed heat input Q(t) 
at x= 0 and initially at parabolic temperature dustribution, 8 = (L- xi. 
The differential equation and the boundary conditions are as follows : 
ae a2e cat= A ox2, • • • • • • • • . .  • . .  • . .  • • • • . .  • • • • . .  • •  • • . .  • . . . . . . . .  • • • • . .  • . . . . .  • . .  • • . . . .  • . . .  • • • . . . .  • • . .  • . . . . . . . .  • • • • • . .  • .. . (2. 1) 
-A ( ��). = Q (t) - pls, . . . . . . . . .. . . . .. . . . . . . . . .. . . . . . . . .. . . . . .. . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . .  (2. 2) 
e < s, t) = e., .................................................................................................. ·(2. 3) 
( ��) L = 0, ' ' ' " ' '' ' " ' ' '" ' ' ' ' " ' ' ''" ' ' ' ' " · · · "' · ·" · · ·" ·" · ·"" · · . . . .  "' · · . . .  · · "' · · ·" · . .  · · . . . .  · · . . . .  · ·(2 . 4) 
where 8 is the temperature change, c is the specific heat per unit volume, A is the coefficient 
of heat conduction, s is the position of the melting line, pl is the latent heat per unit volume 
and em is the melting temperature. 
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Introducing the normalized variables 
8' = _!}_ 8m, x' 
X 
L, t'  =_1_ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ·(2 . 5) h , 
and the facters 
LQ(t) a=---A. 8m , c
L2 h=- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (2. 6) A. , 
we reach the following basic equations: 
a8' �8' 
at ();r'2 ' 
-( ��:). = a(t)- f3s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (2. 7) 
8' (s', t') = 1 ,  ( a8: ) = o. ax 1 
§ 3. .The Solution of Galarkin's Method. 
For simplifying the equations, we neglect the primes of equations of (2. 7) : 
a8 a2e 
(j{ ax2, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (3. 1) 
-( �� ), =a- f3s, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (3. 2) 
8(s, t) = 1 , ................................................................................................... (3. 3) 
( �� ) 1 = 0 . .. ................................................................................................ ·(3. 4) 
we set the solution as 
8= ��=� )2+ �1a,.(t)cos (n- ;) n i::::; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (3. 5) 
This equation satisfy eq. (3. 3) and (3. 4). The next calculations are as follows : 
a8 _ 2s ( 1 )2 " • ( ) ( 1 ) 1 -x (j{ - (1-s )3 -x +�a,. t cos n- 2 1r 1 _ s 
-" a,.(t){ (n- _!_) 1r _s -(1-x) }sin(n-_!_) n 1-x -'f 2 (1-s )2 2 1 -s' 
a8 =- 2 � + 2: a,.(t) { (n- _!_) Jr-1- } Sin (n-_!_) 1r1-X ax (l-s)2 n 2 1-s 2 1-s, 
a28 2 {( 1 ) 1 }2 1 ) 1-x ax2 = (l-s)2 -� a,.(t) n- 2 7r1-s cos(n-2 7r1-s. 
From eq. (3. 1 ), we see 
�� [ il,(t) + a,.(t) { ( n- ;) n1�J]cas ( n- ; ) n i::::; 
2:oo {( 1 ) s } · 1 1-x - a,.(t) n-- n---(1-x) szn(n--) n--
n=l 2 (l-s)2 2 1-s 
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2 2s = ( 1- s)Z- ( 1- s)3 ( 1-x)
z. · · · · · · · · · · · · · · · · · · · · · · · · · _- · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3 . 6) 
Multiplying both side by cos ( n- � ) n i = :, and integrating over the region (s, 1), we have 
1 ; s [ tin( t) + a ,( t) { ( n- � )n 1 � s n 
-s ""> a ,( t)
(- 1)m+n (m-l_)(--1 - _ _ 1 _ ) _ l_a,(t)s m� 2 2 m+ n- 1 m- n 4 · 
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3 . 7) 
Also from the boundary condition (3. 2), we see 
2 00 ( 1 ) ( - 1)n . - � + 2 a n ( t) n-- Jr--=- (a- f3 s). 1- s n-1 2 1- s . . . . . . .  · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3 . 8) 
In the next section, we require the numerical solution by use of eqs. (3. 7) and (3. 8). 
§ 4. Numerical Calculation. 
As an example, we assume a melting ice that has the values : 
;\ = 0.05 X 10-2 kcal/m · s ·de g. 
Qo = 10 kcal/m2·sec 
L = 0.1 m 
pl = 0.91 X 103 X79.896 kg/m3 
c = 0.487 X 0.91 x 103 kcal/m3 ·deg. 
The factors a, f3and tL are calculated as 
a= 2000, f3 = 164.0575, 
tL = 8.8634 x 103 (sec) 
The numerical solutions of e and s( t) are 
shown in the figure. 
(Read at the Meeting of the Physical Society of Japan at Yokohama on April 1982) 
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